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REDUCTION OF STFUSS CONCENTEWTIa! IIJ A PU!E OF 
UNLuuaED DIl43NSImS 'rSITH ANGULAR NOTCHES 

D .I,. Chernyavskiy" 
(Kharkov) 

Reduction i n  stress concentration i n  p la tes  wi th  angular 
notches, by modifying the  continuity of t h e  notch without 
changing t h e  radius of curvature, is attempted on the  ex- 
ample of a p la te  of i n f i n i t e  dimensions with a quasi-square 
hole. For a p la te  extended along the  Ox axis by uniformly 
d is t r ibu ted  forces,  t h e  reduced contour conditiGns f o r  t h e  
opening a r e  mathematically derived, and the  r rax imum s t r e s s  
along t h e  contour is calculated.  A reduction i n  maximum 

/*& 

stress by 20% was obtained by optimizing t h e  contour 

I n  c ider  t o  decrease t h e  s t r e s s  concentration i n  a p la te  w i t h  t r i angu la r  
and o the r  angular notches, t h e  designer usually rounds of f  all angles and at- 
tempts t o  increase t h e  radius  of curvature as  much as ,mssible. However, t he  
m a x i ~ u m  radius of curvature i s  d ic ta ted  by design considerations and may be 
considerably r e s t r i c t ed .  
t he  s t r e s s  concentration by improving t h e  continuation of t h e  notch. 
sen t  work is devoted t o  t h i s  question. 

It is  a l so  possible, a t  constant radius,  t o  reduce 
The pre- 

L e t  us consider t h e  problem as applied t o  exbension along t h e  axis Ox of an 
unbounded p l a t e  with a n  almost square opening. 
of stresses i n  a p la te  with a notch of various configurations has been solved 
by Academician N.I.Muskhelishvili (Bibl.1) and, f o r  a number of important cases, 
by Academician G.N.Savin (Bibl.2). 

The problem of t h e  d i s t r ibu t ion  

Let us take as the  representat ive function 

The coef f ic ien ts  k, m, and n will 
t h e i r  values under t h e  conditions t h a t  
r e spnd ing  t o  an angle of = 4 9  (G = 
value p a i n ,  t h a t  t h e  ma- stress on 
s t r e s s  a t  t he  point corresponding t o  CJ 
be minimum. 

be regarded as parameters. L e t  us f i nd  
t h g i r  rrhirnm radius  of curvature, cor- 
e' ), m u s t  be equal t o  a specif ied 
the  curve near t h e  angle 8 = 49  i s  the  
= Wo, and t h a t  t h e  rraximurn s t r e s s  must 
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The rad'us of curvature p m l n  f o r  t he  representat ive function (1) and t h e  
angle 0 = l+t w i l l  be 

Q,," = --B x 
(1 - 3 3 / 2 - 7 7 m - 1 1 1 ) 3  

I -27ka-343m2-1 331na+ 6lr-2 1 OIzm-I 38Gmn+ 42m-462kn+ 1 1On ' 

The s t r e s s  function c p ( < >  i s  represented i n  the  form 

where cpl(5) characterizes t h e  s t r e s ses  i n  a p l a t e  without an opening; (PO ( 5 )  are 
the addi t ional  s t r e s ses  conmect.e~! with t h e  presmce nf a nntch;  yere, cp,(rJ> is 
determined from the  funct ional  equation of N.I.Muskhelishvili (Bibl.1) 

For a p la te  extended along the  axis Ox by uniformly d is t r ibu ted  forces  p, 
t h e  reduced contour conditions. fi + ig and t h e  function ( 5 )  are /135 

L e t  us determine t h e  i n t eg ra l  on the  left-hand s ide  of eq.(4) f o r  t he  repre- 
sentat ive function (1) : 

c,, = n; c, = - (m + 3kn); c1 = k+ 7mn + 3k (m + 3kn); 

Y 
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The in tegra l  on t h e  right-hand s ide  of eq.(f+) is  equal t o  

After subst i tut ion of the resul tant  expressions in to  eq. (4) and after 
equating the  coeff ic ients  of the  same powers of C, we f ind  t h a t  t he  even coef- 
f i c i e n t s  a, are zero. Therefore, 

where the  coeff ic ients  sought a r e  determined from t h e  equations 

On the  contour of t h e  opening, o0 equals 

a@ = 4 Re Q, (u), 

where 

This means t h a t  

Fcr t he  representative function (l)*, we have 

A,, + A,cos28 + A4cos40 + A,cos 68 + A,cos88+ 

= +A,,cos IOb+A,,cos 128 
B(Do+D4cos46+D8cas8~ +D,,cosl28) 

a=p+ 4 
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where b, A 2 ,  ..., b, b, ... a r e  known functions with k ,  m, and n. 

We will now attempt t o  s a t i s f y  t h e  requirements posed. The angle 8 cor- 
a0 

responding t o  o m a x ,  is determined from the condition - ae = 0 which leads t o  

t h e  equality 

where ab and 3; are der ivat ives  of cy and 5 with respect t o  0 .  

The equal i ty  of t he  mximum stresses on the  curvature and a t  t h e  point 
m2rkir.g e = 9oo is %Titter: ir, t h e  f817ii 

- 3a3 + 7a, - 1 la,, 
- 1 + 3k f 7 m  + 1 In 

u (k, m, n, 6,) 
fi  (k, rn, n, 03 ' 

- ___. or - ~w = %ax 

L e t  us minimize t h e  value of onax": 

a0 aa au 
da = ak --dk + am -dm + an -dn  = 0 .  

If we bear i n  mind eq.(20) and t h e  connectivity formula (2),  we obtain 

To find the  minimum, i n  the  presence of connectivity, we used t h e  inde- 
terminate Lagrange mult ipl iers .  I n  t h e  spec ia l  case under consideration, how- 
ever, when the  number of connectivity conditions is one less than the  number of 
parameters, we can determine the  minimum without making use of Lagrange nulti- 

p l i e r s .  

t u t e  them into eq.(20). 

d m  dn From eqs.(21) and (22) we f ind the  values of and -dk and subst i -  

The transformations reduce the  determinant t o  zero 
/I37 

= o .  (23) 

3:- Hereafter, t h e  subscr ipts  8 and max a f t e r  0 w i l l  be omitted. 
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Equations (2) ,  (181, (19), and (23) Will y ie ld  the  required values of k, 
m, n, and 6. 

, This  problem involves a la rge  computational e f f o r t ,  so that we solved a 
simpler problem as a typica l  example. 
the form 

The representative function was taken i n  

I n  determining the parameters k and m, we s t ipu la ted  t h a t  t he  f i rs t  two 
conditions be s a t i s f i e d ,  namely, a prescribed and equal i ty  of t h e  grea tes t  
stresses near 8 = 49 and the  s t r e s s  a t  0 = dm.ln Thus, t he  parameters k and m 
and t h e  angle 8 ,  corresponding t o  t h e  m a d m u m  s t r e s s ,  can be determined from 
eqs.(2), (18) , and (19). 
account: 
opening has t h e  form (Bibl.2) 

For a prescribed p l i n ,  t h e  following was taken i n t o  
The representat ive function f o r  a n  i n f i n i t e  p la te  with t h e  square 

1 1 
56 176 

53+-C7----.1;"+ ... 1 1  

Confining t h e  calculat ion to t h e  first two terms of the  series and assum- 
ing  t h a t  

we obtain p a i n  = 0.B = O.O6a, where a is the length of a s ide  of t h e  square. 
The same value Pa = 0.lB was a l s o  adopted for our  example. 

The required quant i t ies  w e r e  found t o  be: k = 0.074, m = 0.0307, 8 = 4 8 .  

The sketch shows the  configuration of t h e  notches and t h e  stress d is t r ibu-  
t i o n  over t he  contour, plotted against  t he  angle 0 f o r  t h e  i n t e r v a l  0 + %lo 
with reference t o  the  representat ive functions (26) and (24.) and denoted, re- 
spectively,  by 1 and 2. 
contour 1 t o  3 .07~ on the  contour 2, o r  by 20%. 

The maximum s t resses  were decreased f r o m  3 . 8 6 ~  on the  

Similar a u x i l i a r y  calculat ions show tha t ,  f o r  o n i n  = 0.2B (k = 0.074, m = 
= 0.0136) t h e  maximum stress is  decreased t o  2 .52~.  
found t o  be even smaller (by 16%) than f o r  t h e  c i r c l e  i n t o  which t h e  contour of 
a square is  transfonned wi th  increasing radius and f o r  which aaax = 3p. Conse- 
quently, t h i s  r e s u l t  is  of p r t i c u l a r  in te res t .  
frequently encountered radius.  

Consequently, Om,, is 

We note that o E l n  = 0.2B is a 

In t h i s  connection we note t h e  following two facts: 

A. l a e n  a un i t  c i r c l e  on an i n f i n i t e  plane w i t h  a notch of function (25) 
i s  used f o r  t he  representation, t h e  maximum radius of curvature a t  t h e  point 

5 f 



0 = 4 9  Will be 0.1B, i f  t h e  calculat ion,  as already mentioned, i s  confined to  
t h e  first two terms of eq.(26), while with increasing number of terms, t he  
value of t h e  radius var ies  discont inmusly (0.1B; 0.041.7B; 0.0242B; . ..). In 

prac t ica l  appl icat ion,  we meet notches f o r  which 
than 0.1B and notches f o r  which p m l n  does not f i t  in to  the quant i t ies  t h a t  can 
be obtained by replacing the  s e r i e s  (25) by a polynomial. 
t h i s  p i n t  of view, it is des i rab le  t o  introduce parameters permitting repre- 
sentations w i t h  a prescribed radius of curvature. 

is  considerably grea te r  

Therefore, from 1138 

B. In  the  example considered here, we used only a s ingle  condition with 
respect t o  the  s t resses ,  namely, that t h e  stress nzar an angle of 4 9  be re- 
duced re la t ive  t o  t he  s t r e s s  a t  an angle of 9 = 90 . 
requirement, i.e., the  ninimization of o m a x ,  and i f  we introduce a la rger  number 
of parameters, then it can be assumed that t h e  s t r e s ses  will be s t i l l  fu r the r  
reduced. 

If we s a t i s f y  the  second 
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